The opinions and actions of individuals within interacting groups are frequently determined by both social and personal information. When sociality (or the pressure to conform) is strong and individual preferences are weak, groups will remain cohesive until a consensus decision is reached. When group decisions are subject to a bias, representing for example private information known by some members of the population or imperfect information known by all, then the accuracy achieved for a fixed level of bias will increase with population size. In this work we determine how the scaling between accuracy and group size can be related to the microscopic properties of the decision-making process. By simulating a spatial model of opinion dynamics we show that the relationship between the instantaneous fraction of leaders in the population (L), system size (N ), and accuracy depends on the frequency of individual opinion switches and the level of population viscosity. When social mixing is slow, and individual opinion changes are frequent, accuracy is determined by the absolute number of informed individuals. As mixing rates increase, or the rate of opinion updates decrease, a transition occurs to a regime where accuracy is determined by the value of L √ N. We investigate the transition between different scaling regimes analytically by examining a well-mixed limit.
actions of others [1] , while considerable costs may be associated with adopting a minority view [2] .
Unfortunately, even simple social interactions lead to highly complex collective behaviour [3] ; therefore, in order to understand the dynamics of large numbers of interacting entities, investigators have employed techniques borrowed from statistical physics [4] . The systems studied using this approach have ranged from the movement decisions of simple organisms [5, 6] to the complex behavior of human societies [7] . While this approach has attracted criticism for its over-simplification of individual agents, its strength lies in creating tangible connections between different levels of social or biological organization. In this way emergent, macroscale properties can be related to the underlying microscale behaviors [8] . Through the study and classification of these simplified models, the role of generic features (for example, dimensionality [9] or topology [10] ) may be understood and ultimately related to empirical data and the behavior of real-world systems.
A significant macroscale property in many decision-making systems is the level of accuracy achieved when one outcome is preferred or optimal, i.e. the probability the correct outcome will be realized for a single instance of the decision process. This collective accuracy is influenced by individual behavior and the nature of social interaction, system size, and the degree of available information. The most notable relation between these quantities is the tendency for accuracy to increase with group size; a property that has been demonstrated by theoretical and empirical work related to both humans and animals [11] [12] [13] [14] [15] [16] [17] [18] . This 'more is better' relationship is well understood in the case of structured decisions, when information is aggregated through formal voting procedures [11] ; however when social imitation and local interaction drive collective decisions, the nature of the scaling of decision accuracy with group size remains unclear.
To address this deficit, we study a binary-choice model (intended as a simplified version of animal movement and direction choice) in order to better understand the relation between accuracy and group size. We assume one option represents the correct choice and investigate the level of accuracy achieved when only a fraction of individuals are provided with this information. Leadership roles are dynamic; at each time step a fraction (L) of individuals are designated as leaders and their behavior is altered so that they will not switch away from the correct opinion. We may conceptualize our approach either as a first approximation to fixed leadership roles (as employed in [16, [19] [20] [21] ) where we have neglected the correlation between leadership status and current opinion, or alternatively, as a model of imperfect information where individuals make choices based on a personal estimate, such as in Condorcet's jury theorem [11] (two discrete choices) or the 'many wrongs' hypothesis [14] (a continuous directional choice).
The structure of the article is as follows. Firstly, we embed the process in a twodimensional spatially-explicit domain to more closely match the approach of [16] and the mobile animal groups that are our primary focus. We show numerically that scaling depends on the individual-level behavioral rules and degree of social mixing. In the analysis that follows we retain only the key properties that determine the scaling relation between system size and accuracy. By switching to a more abstract domain we are able to identify a non-system specific connection between accuracy scaling and individual behavior, which in principle may apply to various forms of interaction topology.
A Spatially-Explicit Model of Opinion Dynamics
Many models of opinion formation consider agents deciding between two options. This choice may relate to discrete directions, a choice between two different priorities such as food or shelter, or more complex options such as opposing political viewpoints, or whether to buy one type of technology over another. Historically binary-choice models have been employed due to their tractability, and their origins in classic models of statistical physics such as the Ising model. Recently, these models have proved to be effective in understanding the behavior of real animal groups, as demonstrated in [19] . We therefore employ this approach and investigate the behavior of a binary choice model, embedded in two-dimensional space with nearest neighbor social interaction.
Animal groups are dynamic and mobile [22] with frequently changing social contacts, a property that may strongly influence the underlying decision-making dynamics. To introduce a spatial dynamic to our model, individuals are embedded into a chaotic mixing flow defined on a unit torus. While this is a stylized version of genuine dynamics, it captures the chaotic nature of the interactions between large numbers of mobile entities.
Following [23] we use an alternating sinusoidal shear flow for our advecting force, defined as
where x, y are the spatial coordinates of an individual, Θ(z) is the Heaviside step function, v determines the speed of advection and T defines the frequency with which the flow oscillates. For simplicity, we set T to (2v) −1 , so that there exists a single connected region and the flow is ergodic with no isolated islands [23] . While results are not dependent on the exact nature of the mixing flow employed, this ergodicity condition is essential for the population to remain cohesive; otherwise islands of interacting individuals will form and the effective system size will be reduced.
As the units for space and time are arbitrary we set the domain to be length 1 meter and the time scale on which a social observation occurs to be 1 second. For illustration, snapshots of the system when individuals are all initially located on the left of the domain are shown in Fig. 1 (individuals are shown as points regardless of their opinion).
Within this environment individuals make observations of their instantaneous nearestneighbor. The opinion state of the neighbor is noted and a tally is kept of the number of observations of each opinion. In this way a sample of the population opinion is built up over time. At each time step each individual decides to update its current opinion with a certain probability, denoted by γ . Reducing this probability results in longer times between opinion updates and therefore a larger sample of the population.
This decision rate therefore defines a memory length for each individual; the time over which an individual is able to keep a record of its interactions. Unlike models that occur on the lattice or across a network, the instantaneous configuration does not define the interaction topology, instead this topology is built up over time and is a function of the recent history of the spatial dynamics.
If an individual decides to update its current state, it will switch to the majority opinion observed within its record of samples. However, an individual will not switch to the incorrect option if it is designated as a leader. Leadership roles are dynamically allocated with each individual having a probability L of being informed at each time step. We are principally investigating the effect the parameter L has on the overall accuracy. As there exist two absorbing states, representing unanimous consensus for either opinion, accuracy is defined as the frequency with which global consensus for the correct state is reached. To summarize the dynamics, we outline here the algorithm used.
-Individuals are initially distributed at random within the unit torus, with half of all individuals holding the correct opinion (+1) and half adopting the incorrect view (denoted −1). -The position of each individual is updated according to the advection velocity defined in Eq. (1). -Each individual observes its nearest neighbor and increments or decrements a counter accordingly. This effectively builds a sample of the population opinion. -With probability γ an individual decides it will update its state.
-If according to its personal counter more individuals are in the +1 state, the individual will adopt this state (in the event of a tie, no change in opinion occurs). -If according to its estimate, more individuals are in the −1 state, the individual will switch to this state with probability (1 − L). Otherwise it is considered an informed individual and will not switch. -If all individuals hold the same opinion the trial ends. If consensus has not been reached positions are updated and the process repeats.
Numerical Results
Our simulations demonstrate that as the population size increases relatively fewer informed individuals are required to maintain the same level of accuracy. This effect is illustrated in Figs. 2A and 2B, which show accuracy versus informed population size for different values of spatial mixing and individual update rate. (Accuracy has been rescaled from 0 (random choice) to 1 (always correct) as in [16] .) In each inset of these figures, the accuracy attained as a function of the fraction of informed individuals for different population sizes is shown. If we rescale the leadership level these curves collapse and this is shown in the main figure; accuracy is therefore determined by the value of LN −α , where α is a fixed scaling exponent.
While data collapse is attained for both sets of parameter values, the scaling exponent required is different. To better visualize the nature of these exponents, we plot the leadership fraction that gives an accuracy level of 0.75 on log scale against population size in Fig. 3B . We observe a power law over close to four orders of magnitude. Further, we note the slope of these lines make a transition from ∼ −1 to ∼ −0.5 as the properties of the spatial simulation are modified.
While our parameter space is two-dimensional (the rate of opinion updates γ and the mixing speed v are varied), we find that both of these values combine to give a single quantity of interest; the number of novel observations made per opinion update (see Fig. 3A ). If social mixing is very low, even if a large number of observations are made they will most likely be of a limited number of individuals, i.e. the same individual will be repeatedly sampled. However, if the update rate slows the independent sample number will increase, even for low mixing. We determine the average number of novel observations per opinion update by calculating the average frequency of changes in the identity of the nearest neighbor, i.e. the inverse of the time required for the nearest neighbor to be displaced sufficiently so that it is replaced by a third, closer, individual. We record this quantity for the parameter sets used and plot against the corresponding scaling exponent in Fig. 3D . A smooth monotonic transition is observed, from a linear scaling when there is one sample per update to an exponent of approximately −1/2 when there are multiple samples.
The numerical simulations show that the effect of space in our model is to restrict the average number of novel social interactions an individual has. This may be countered by reducing the rate of opinion updates. When these parameters combine so that the average number of distinct observations per update is close to one, accuracy is determined by the value of LN (the absolute number of leaders). By reducing the rate of opinion switches or increasing the rate of mixing, the number of novel samples may be increased. As this number rises a transition occurs to a scaling regime where accuracy increases as the square root of N .
In order to analytically investigate the transition between scaling regimes we next formulate a mean-field version of the model that incorporates an explicit sample rate. 
A Well-Mixed Model with an Explicit Sample Count
We reformulate our spatial model by removing the process of building up a set of observations over time. Instead an instantaneous sample of the opinion of S individuals is taken. These sample individuals are chosen at random from the population and the size of the sample is explicitly set. Although we lose the local nature of the social interaction, the advantage of this approach is that the probability an individual transitions from one opinion to another can be calculated exactly. The opinion dynamics algorithm is then a reduced version of the full spatial simulations and is equivalent in this form to models of convention formation found in the economics literature [2] .
Again, for clarity, we include here a summary of the algorithm used in simulations.
-At each timestep one individual is selected at random from the population.
-This individual will make a fixed number of observations (S) of the population opinion, drawing at random with replacement. -If within this sample more individuals are in the +1 state, the individual will switch to this state. Simulations continue until all individuals share the same opinion and no further updates are possible. Numerical results from this model are shown in Fig. 4 . As in the spatial simulations we observe a transition between scaling regimes as S is varied. We next demonstrate this transition more formally.
Mean-Field Analysis
From Markov theory, an exact expression can be found for the probability of reaching the correct decision as a function of the transition rates, if the process is equated to a birth-death one step process. In this form the decision process takes place on a one-dimensional line where the current state of the system is defined as an integer that ranges from 0 to N and represents the number of individuals with the correct opinion. The probability this one step process will ultimately reach the state N (all correct) is [24] 
where T is the ratio of the probabilities of moving one step downwards (an individual switches from the preferred to non-preferred side) versus upwards (an opposite transition),
(See Appendix A for a derivation of Eq. (2) reproduced from [24] .) The functions t ± (x) are defined by the binomial probabilities of observing a majority for a given side after making S samples of the population, given the overall fraction of individuals in the preferred state is j/N :
To avoid an equal number of observations of each opinion we assume that S is always odd; we lose no generality by making this assumption since an even sample size of S is equivalent to a sample size of S − 1, if an appropriate unbiased tie-break rule is introduced.
In the well-mixed limit Eq. (2) is exact, however its discrete nature means it is largely resistant to manipulation. To counter this, we introduce a continuous approximation to this equation as follows.
For the product term of Eq. (2), we take logarithms, then employ the mid-point method to substitute the summation for a definite integral,
where we have introduced the continuous variable x = j/N . In a similar fashion, the denominator of Eq. (2), may be written as,
Neglecting the O(1/N ) terms in the limits of this equation, and applying the same procedure to the numerator of Eq. (2) leaves,
where, following [25] , we define the effective potential for the system as
We next attain an approximation for the potential φ(x). To do this we perform a Taylor expansion around x = 0.5, under the assumption that the dynamics are largely determined by the properties of the central region,
The first term is simply a constant that will later cancel. The second term is determined by the sampling and switching probabilities defined by Eqs. (3), (4), and (5), which, if we consider S as a variable, may be expressed as a function of x and S as,
where
Since B(0.5, S) = 0.5,
For the third term of Eq. (10),
We employ product and quotient rules to find,
An exact expression for the derivative in this equation is
where the term in parentheses is a binomial coefficient. Further, for large S a simpler expression may be found by applying Stirling's approximation to the factorial terms,
(See Appendix B for the derivation of Eqs. (16) and (17) .) Combining these results into Eq. (10) gives
where C is a constant. A comparison of this result with computationally calculated values of the true potential are shown in Fig. 5A .
Substituting this result into the integral of Eq. (8) gives,
While this integral may be solved, it is worth noting at this point that when one observation is made per opinion update, i.e. the potential is linear and there is no positive feedback in the decision process, accuracy is determined solely by the value of LN (or ln(1 − L)N for large L). Thus, when S = 1 and the leadership fraction is small, it is the absolute number of informed individuals that is the parameter of interest. Further, the collective decision in this regime becomes equivalent to the well-known Gambler's ruin problem, which may be solved exactly, as described in [26] .
When S > 1, as the integral has a closed form solution, we may now write the probability of reaching the correct decision as
Since S > 1 we have used Stirling's approximation to simplify the factorial terms, and fur-
(For L 0 the leadership fraction in the equation above must be replaced with − ln(1 − L).)
When S > 1 and L is small, i.e.
sociality will dominate and three of the four error functions contained in Eq. (20) tend to unity, leaving
Accuracy as defined previously on a scale from zero to one is therefore
This value is plotted in Fig. 5B for comparison of the numerical simulations to the analytical result. Hence, we see in this regime accuracy scales as √ N . This result holds even when the initial condition is not an evenly balanced opinion. If a given side begins in the majority then Eq. (23) becomes
where x IC is the initial fraction of the population adopting the correct opinion. Thus the scaling relation remains, however any asymmetry in the initial conditions affects the overall level of accuracy and this effect is stronger when sociality is high. Finally, we note Eq. (21) provides valuable insight into the nature of the transition between scaling regimes when the expected number of observations between opinion changes varies continuously. If we consider the social feedback effect as a continuous variable, , which is 0 when S = 1 and increases monotonically with S, then we may write the condition for √ N scaling as /L > 1. In the limit of /L → 0 the Gambler's ruin process is recovered from Eq. (20) and accuracy is determined by LN . Hence for any non-zero value of , accuracy will scale with LN until the required leadership fraction is of O( ). At this point the degree of curvature in the potential becomes significant and a transition occurs to the √ N scaling regime.
Discussion
Through our binary choice model we have demonstrated how spatial mixing, memory and sociality influence the dynamics of collective decisions. We have shown that if there exists an imposed bias in the decision-making process, meaning one option is the correct choice, then the likelihood of selecting this option increases with the size of the group. This effect is in agreement with previous individual-based simulations of leadership [16] , and theoretical models that assume centralized counting of votes or do not explicitly provide an aggregation mechanism [11, 14] . By recovering these results in our model we show this to be a general property and we are further able to reconcile the disparity between the individual-based spatial model, where accuracy appears to depend on the absolute number of leaders (LN ), and the √ N scaling that underpins both Condorcet's jury theorem [11] and the 'many wrongs' hypothesis [14] . We observe that the absolute number of informed individuals is the variable of interest when there is approximately one novel observation per opinion change. The decision process in this scenario is a neutral (or diffusive) process since there is a balance between the probability of selecting an individual of a particular type to switch and of selecting an opposing type to observe. This results in constant transition probabilities toward or away from consensus regardless of the numbers holding each opinion. The information content therefore has a consistent effect and the result is equivalent to a biased random walk with absorbing boundaries. Absorption probabilities in this case can be found exactly and it is easy to show that accuracy scales with the absolute number of leaders. In this situation, the role of space is to increase the time it takes to reach consensus and enable greater accuracy as the group size increases.
Increasing the effect of sociality by increasing the number of observations introduces a positive feedback, such that when one opinion begins to dominate it becomes increasingly likely that it will be the eventual consensus viewpoint. In this regime, the decisions become faster and less accurate, and the √ N scaling associated with the central limit theorem is recovered, suggesting no explicit aggregation procedure is necessary to observe this property. It is worth noting that slowing the decisions of individuals has an opposing effect at the collective level. When an individual makes a decision quickly, i.e. after only a small number of observations, the process is more random and the collective decision becomes slower. Conversely, if individual updates are less frequent a more accurate assessment of the current consensus is attained, therefore a much faster collective decision is reached, since when a given side becomes the majority this is more readily observed and the positive feedback toward that side is stronger.
Investigating how these properties of social interaction affect opinion dynamics is important for both human and animal social groups. For social animals, studying decision-making will enhance our understanding of the collective processes that are vital for their survival. Much focus in recent times has been on the performance improvements seen as group sizes increase, but the negative consequence of these phenomena are compounding Allee effects [27] that lead to faster rates of decline as numbers reduce. The scaling relations observed here are not only mathematical quantities but, in populations where different individuals have access to environmental information, they suggest how the relative weightings of leaders and followers need to shift in order to maintain function as group sizes reduce.
Although the spatially explicit model represents collective decision-making by individuals moving within a two-dimensional space, the mean-field model demonstrates that our results are potentially more general. While the nature of the localized interaction in our model discounts formal voting processes, such as in a democratic election, our results may be applicable to decentralized socially-mediated decisions in human groups. For example, there may be direct analogies with binary choices that diffuse through dynamic social networks, such as adopting novel technologies, political or social unrest, stock market valuations, or rejecting commonly-held but erroneous beliefs [27] [28] [29] [30] [31] [32] . In many of these scenarios there is a direct cost associated with going against the majority viewpoint [33] , hence imitation is a rational behavior and can be expected to be widespread.
For both human and non-human animals research has consistently demonstrated the degree to which social factors influence choices and actions [34] [35] [36] . It is therefore clear that collective decisions are not only determined by the direct response of individuals to the information they receive, but are also dramatically influenced by local interactions, the nature of which may entirely determine the accuracy of the decision-making process. so that
All values of V can therefore be calculated from V 1 ,
To solve for V 1 we use the relation
that arises from the definition of V and the cancelling of interior terms of the series. From Eqs. (29) and (30),
therefore,
Again by definition,
which, in combination with the expression for V 1 and V i , and the value of U 0 = 0, leads to
The quantity of interest is the absorption probability of the correct state when initially the system begins with equal numbers of individuals with each opinion, i.e. U 0.5N . This value is
Appendix B: Derivation of
∂B ∂x
Given the binomial probability B(x, S) = 
This is an exact result, however a simpler expression for large S may be obtained by introducing Stirling's approximation for the binomial coefficients.
Define T = (S − 1)/2, then 
